Abstract. We give a method of classifying maximal antipodal sets in compact symmetric spaces, and present an explicit classification of maximal antipodal sets in irreducible compact symmetric spaces.
Introduction
A compact Riemannian symmetric space M is of the form M = G/H, where G is a connected compact Lie group with an involutive automorphism θ, and (G θ ) 0 ⊂ H ⊂ G θ . Here G is endowed with a Riemannian metric inducing from an adjoint invariant positive-definite inner product on the Lie algebra of G; and M = G/H is endowed with the quotient metric, which is G-invariant and makes M into a symmetric space. For any point x ∈ M, there is a geodesic symmetry s x characterized by the following property: (1) , s x = x; (2), it is an isometry of M, hence a diffeomorphism; (3), the tangent map (s x ) * : T x (M) → T x (M) is −1. The geodesic symmetry at the origin o = eH ∈ M = G/H is just s o (gH) = θ(g)H (∀g ∈ G).
We call a nonempty subset X of M an antipodal set if s x (y) = y for any x, y ∈ X. Any antipodal set is a finite set as it is a discrete set and M is compact. An antipodal set is said to be a maximal antipodal set if it is not properly contained in any other antipodal set. In [2] , Chen and Nagano introduced and calculated the invariant 2-number # 2 (M) of a compact symmetric space, which is the maximal cardinality of antipodal sets in a compact symmetric space. After this paper, there are many studies on maximal antipodal sets. Particularly Tanaka and Tasaki made the classification of maximal antipodal sets for some kinds of compact symmetric spaces ( [7] , [8] ). The readers may consult [1] for an excellent survey on the study of 2-numbers and maximal antipodal sets. In this paper, we study maximal antipodal sets in general compact symmetric spaces. Precisely to say, we give a method of classifying maximal antipodal sets in compact symmetric spaces, and present an explicit classification of maximal antipodal sets in irreducible compact symmetric spaces.
where θ 2 = 1 and Ad(θ)| G = θ. Write
The Cartan quadratic morphism (cf. [1] ) is a map φ : G/G θ → G defined by φ(gG θ ) = gθ(g)
(∀g ∈ G). Let X be a subset of M containing the origin o = G θ ∈ M. Write φ(X) = {φ(x) : x ∈ X} and F 2 (X) = φ(X), θ ⊂ G. Using the Cartan quadratic morphism, we show a correspondence between maximal antipodal sets in G/G θ and certain elementary elementary abelian 2-subgroups in G.
Theorem 1.1. Let X be a subset of M = G/G θ containing the origin o = eG θ ∈ M. Then X is an antipodal set in M if and only if F 2 (X) is an elementary abelian 2-subgroup of G generated by elements in C θ . Moreover, X is a maximal antipodal set if and only if: F 2 (X) is a maximal element in the set of elementary abelian 2-subgroups of G which are generated by elements in C θ , and X = {x ∈ M : φ(x) ∈ F 2 (X) ∩ C θ θ −1 }.
A compact symmetric space is said to be "irreducible" if it is not isogenous to the product of two positive-dimensional compact symmetric spaces (cf. Definition 3.2).
We give a precise list of irreducible compact symmetric spaces. As a byproduct, we show that they are all of the form M = G/G θ .
Theorem 1.2. Let M be an irreducible compact symmetric space. Then there is a compact Lie group G and an involutive automorphism θ of G such that M ∼ = G/G θ .
With the list of irreducible compact symmetric spaces, we show a precise classification of maximal antipodal sets in them using Theorem 1.1. The only cases haven't been treated completely are spin and half-spin groups and some quotient symmetric spaces of them.
The content of this paper is organized as follows. In Proposition 2.1, we give a criterion of antipodal sets using the Cartan quadratic morphism φ : G/H → G. In case H = G θ , this criterion simplifies greatly in Proposition 2.2. In Theorem 2.3, we relate maximal antipodal sets in G/G θ to certain elementary abelian 2-subgroups and show that they determine each other in some way. In Subsection 2.4, we discuss Weyl groups of maximal antipodal sets. In Section 3, we give a precise list of irreducible compact symmetric spaces not of group form. Particularly we show that they are all of the form M = G/G θ . In Section 4, we present an explicit classification of maximal antipodal sets in most irreducible compact symmetric spaces. The remaining ones which haven't been treated completely are listed in Subsection 4.6. In Section 5, we give a way of calculating antipodal sets with another meaning.
Notation and conventions. Write ω m = e 2πi m , which is a primitive m-th root of unity. Let E sc 6 (or E 6 ) denote a connected and simply-connected compact simple Lie group of type E 6 ; let E ad 6 denote a connected adjoint type compact simple Lie group of type E 6 . Similarly, we have the notation E sc 7 , E 7 , E ad 7 , E 8 , F 4 , G 2 . The last three connected compact Lie groups are both simply-connected and of adjoint type.
Write
We have involutions σ i as specified in Table 1 below (cf. [4, Section 2 and Section 3] for precise explanation). In Spin(2n), write c = c n = e 1 · · · e 2n , where {e 1 , e 2 , . . . , e 2n } is a standard normal basis of the Euclidean space based on which Spin(2n) is defined. In this paper G always means a connected compact Lie group, and θ means an involutive automorphism of it.
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Method of classification
2.1. A criterion for antipodal sets. Let G be a connected compact Lie group, θ an involutive automorphism of G, and H a closed subgroup of G with
Apparently, φ(x) does not depend on the choice of g. Thus, we have a well-defined map
The map φ is called the Cartan quadratic morphism in the literature (cf. [1] ).
There is a left G action on G/H through
and a G-action on itself through
The map φ is G-equivariant with regard to these two actions. That is, for any g ∈ G and any x ∈ G/H,
It is clear that φ −1 (e) = G θ /H. Hence, φ is an imbedding if and only if H = G θ .
Proposition 2.1. A nonempty subset X of M = G/H is an antipodal set if and only if φ(g
This shows the conclusion of the proposition.
By Proposition 2.1, a nonempty subset X of M is an antipodal set if and only if g · X is an antipodal set for any g ∈ G. Hence, we may always assume that o = eH ∈ X.
Antipodal sets and elementary abelian 2-subgroups. Now assume
Let X be a subset of M containing the origin o = eH ∈ M = G/H. Write
Then X is an antipodal set if and only if φ(x) ∈ H and φ(x) 2 = 1 for any x ∈ X, and φ(x) commutes with φ(y) for any x, y ∈ X.
Proof. Necessarity. Suppose X is an antipodal set. Write x = gH ∈ X. In Proposition 2.1 by inputting x 1 = x and x 2 = o, we get φ(x) = gθ(g) −1 ∈ H. This is to say, θ(φ(x)) = φ(x). We also have
Thus, φ(x) = φ(x) −1 and φ(x) 2 = 1. Write x = g 1 H ∈ X and y = g 2 H ∈ X. By Proposition 2.1 we have φ(g −1 2 g 1 ) ∈ H. By the argument above this leads to
This is also equivalent to
By the above, φ(x) 2 = φ(y) 2 = 1. Thus, (φ(x)φ(y) −1 ) 2 = 1 is equivalent to: φ(x) commutes with φ(y).
Sufficiency. Suppose φ(x) ∈ H and φ(x) 2 = 1 for any x ∈ X, and φ(x) commutes with φ(y) for any x, y ∈ X. For any two points x, y ∈ M, write x = g 1 H and y = g 2 H. Reverse to the above argument, by the conditions of φ(x) 2 = φ(y) 2 = 1
1 Alternatively, we could choose an element c ∈ (Z G ) θ and set
where θ 2 = c and Ad(θ)| G = θ. In this way, G c may be a group which is more familiar to us than G. Then, in Theorem 2.3, F 2 (X) is an abelian subgroup of G c generated by elements in C θ , not necessarily an elementary abelian 2-subgroup.
and φ(x) commutes with φ(y), one gets φ(g −1 2 g 1 ) 2 = 1. Again by the above argument, this is equivalent to φ(g −1 2 g 1 ) ∈ H. By Proposition 2.1, X is an antipodal set. Theorem 2.3. Assume H = G θ . Let X be a subset of M containing the origin o = eH ∈ M = G/H. Then X is an antipodal set if and only if F 2 (X) is an elementary abelian 2-subgroup of G generated by elements in C θ . Moreover, X is a maximal antipodal set if and only if: F 2 (X) is a maximal element in the set of elementary abelian 2-subgroups of G which are generated by elements in C θ , and
Proof. For the first statement, assume X is an antipodal set. Then, F 2 (X) is an elementary abelian 2-subgroup of G by Proposition 2.2. For any x = gH ∈ X, we have
As θ and gθg −1 (for any g ∈ G) are in C θ , it follows that F 2 (X) is generated by elements in C θ . The converse follows from Proposition 2.2 as well.
For the second statement, Assume X is a maximal antipodal set. Then, F 2 (X) is an elementary abelian 2-subgroup of G by the above argument. Write
is an elementary abelian 2-subgroup of G as well. By Proposition 2.2, X ′ is an antipodal set. By the maximality of X, we get X = X ′ . By a similar argument, one shows that F 2 (X) is a maximal element in the set of elementary abelian 2-subgroups of G which are generated by elements in C θ . The converse is clear. Theorem 2.3 gives a way of classifying maximal antipodal sets X in G/G θ through classifying maximal elements in the set of elementary abelian 2-subgroups F of G which are generated by elements in C θ and taking
In the case of H = G θ , write M ′ = G/G θ , and let
be the projection map. We only give a simple proposition in this case.
Proposition 2.4. Let X be a nonempty subset of M. Then X is an antipodal set in M if and only if π −1 (π(X)) is.
Proof. Assume that X is an antipodal set in M. Any two points in π −1 (π(X)) are of the form x
Since X is an antipodal set, we have φ(g −1 2 g 1 ) ∈ H by Proposition 2.1. As H is a normal subgroup of G θ (by Lemma 2.5 below), we get
Lemma 2.5. For any connected compact Lie group G and any automorphism θ of
Proof. Write Z = Z(G) 0 and let G sc der be a universal covering of
der is a covering of G and θ lifts to an involutive automorphism of it, still denoted by θ.
. This is to say,
As Z is abelian, [g
2.3. Irreducible compact symmetric spaces of adjoint type. Let G be a connected compact simple Lie group 2 of adjoint type and θ be an involutive automorphism of G. Set H = G θ and M = G/H. Let X be an antipodal set in M containing the origin o = eH ∈ M.
Let u 0 be the Lie algebra of G, which is a compact simple Lie algebra. As G is assumed to be of adjoint type, we have G ∼ = Int(u 0 ). For simplicity we identify G with Int(u 0 ), and regard θ as an element of Aut(u 0 ) which acts on G = Int(u 0 ) by conjugation.
Divide the discussion into two cases: (1), θ is an inner automorphism; (2), θ is an outer automorphism. In the first case, θ ∈ Int(u 0 ) = G, and θθ −1 is a central element of G. Thus,
which is an elementary abelian 2-subgroup of G. Due to θ ∈ F 2 (X), we have θ ∈ F (X). Write
By Theorem 2.3, F 2 (X) is generated by elements in C θ . Thus, F (X) is generated by elements in C θ .
In the second case, θ ∈ Aut(u 0 ) − Int(u 0 ). We could identify θ with θ ∈ Aut(u 0 ) and regard G as a subgroup of Aut(u 0 ). Let F (X) = F 2 (X). By Theorem 2.3, F (X) is generated by elements in
Theorem 2.6. Let G be a compact simple Lie group of adjoint type, and H = G θ . Assume that X is a maximal antipodal set in M = G/H containing the origin o = eH. Then, F (X) is a maximal element in the set of elementary abelian 2-subgroups of Aut(u 0 ) which contain θ and are generated by elements in C θ ,
and
Conversely, if F (X) is a maximal element in the set of elementary abelian 2-subgroups of Aut(u 0 ) which contain θ and are generated by elements in C θ , then X = {gH :
Proof. By Theorem 2.3, F (X) is an elementary abelian 2-subgroup of Aut(u 0 ) generated by elements in C θ . Other parts of the first statement follow from Equation (2) . Precisely to say, by Theorem 2.3, F 2 (X) is a maximal element in the set of elementary abelian 2-subgroups of G which are generated by elements in C θ . By Equation (2), F 2 (X) and F (X) determine each other. Thus, F (X) is a maximal element in the set of elementary abelian 2-subgroups of Aut(u 0 ) which are generated by elements in C θ . By the definitions of F 1 (X), F 2 (X), F (X), and the maximality of X, Equations (3) and (4) follow from Equation (2). Now we show Equation (2). Write
is generated by elements in C θ . By Theorem 2.3, F 2 (X) is a maximal element in the set of elementary abelian 2-subgroup of G which are generated by elements in C θ . Thus,
The converse statement is clear.
Remark 2.7. By Theorem 2.6, one can classify maximal antipodal sets in
for any involution θ ∈ Aut(u 0 ) from the classification of elementary abelian 2-subgroups of Aut(u 0 ) given in [10] . This is just a routine work, we omit the details here. In Section 4, we refer back to this several times.
Put ψ(X) = {ψ(x) : x ∈ X}. By Theorem 2.3, one can show that X is an antipodal set in M if and only if ψ(X) generates an elementary abelian 2-subgroup of G (without assuming o = eG θ ∈ X), still denote by F 2 (X). Set
Apparently, the conjugation action of any g ∈ N G (X) on G stabilizes F 2 (X), and the inducing action on F 2 (X) is trivial if and only if g ∈ Z G (X). Thus, we have an injective homomorphism
There is a characterization of W G (X),
Proposition 2.8. In the above, if X is a maximal antipodal set in M, then
Proof. Write X ′ = {x ∈ M : ψ(x) ∈ F 2 (X)}. By Proposition 2.1, one can show that X ′ is an antipodal set. Apparently, X ⊂ X ′ . By the maximality of X, we have
As the conjugation of any w ∈ W G (F 2 (X)) on F 2 (X) preserves conjugacy classes of elements, hence it stabilizes C θ ∩ F 2 (X) = ψ(X). Therefore,
Now assume that G = Int(u 0 ) for a compact simple Lie algebra u 0 , θ ∈ Aut(u 0 ) an involution, M = G/G θ , and o ∈ X. In this case we have an identification
Thus,
A precise list of irreducible compact symmetric spaces
Analogous to Lie groups, we use coverings to define isogeny for symmetric spaces.
Definition 3.1. Two compact symmetric spaces M 1 , M 2 are said to be isogenous if there is another compact Riemannian symmetric space M and two (finite) Riemannian coverings φ 1 :
We define irreducible symmetric spaces as follows.
Definition 3.2.
A compact symmetric space M is said to be irreducible if there exists no positive-dimensional compact symmetric spaces
It is easy to show that any irreducible compact symmetric space M is either a compact simple Lie group, or is of the form M = G/H with G a compact simple Lie group, θ an involutive automorphism of G, and (
In the first case we say M is of group form.
In this section we give a list of all irreducible compact symmetric spaces not of group form. This is done through a case by case verification spreading in the following subsections. The following result is shown as a byproduct. . If the answer to this question is affirmative, then it is possible to extend the classification in this paper to the classification of maximal antipodal sets of many other symmetric spaces. Table 1 is just [4, Table 2 ]. It includes a list of representatives of conjugacy classes of involutions θ in Aut(u 0 ) for u 0 a compact simple Lie algebra. It gives some information for the corresponding symmetric pairs (u 0 , u θ 0 ), and describes the symmetric subgroups Aut(u 0 )
θ . The notation AI-G are Cartan's notation for symmetric spaces.
3 Let M be a compact symmetric space. Take a point
When n = 4, DIII is identical to BDI when p = 2 and q = 6. 
Proposition 3.6. Let M be an irreducible compact symmetric space which is isogenous to a (real, complex or quaternion) Grassmannian. Then M is isomorphic to one the following, Proof. By assumption we have M = G/H, where G is isogenous to one of SU(p + q), Sp(p + q), SO(p + q), θ = Ad(I p,q ), and (
When G is isogenous to Sp(p + q), G θ is not connected only when p = q. When p = q, M is in item 1. When p = q, M is in item 1 or item 3.
When G is isogenous to SO(p + q), we list all possible pairs (G, θ) and give the formulas for G θ in Table 2 . By the formulas for G θ , we see that there are two nonisomorphic M for a pair (p, q) when p = q. In this case M is in item 1 or item 5. There are three non-isomorphic M for a pair (p, q) when p = q ≥ 3 and p is odd. In this case M is in item 1, item 4, or item 5. There are four non-isomorphic M for a pair (p, q) with p = q ≥ 4 and p is even. In this case M is in item 1, item 4, item 5, or item 6.
Types AI and AII. Write
G n,m = SU(n)/ ω m I for integers m|n. Let τ be the complex conjugation on SU(n) (and on G n,m ). Write τ ′ = τ • Ad(J n/2 ) in case n is even. 5 In Table 2 , c = e 1 e 2 · · · e 4n ∈ Z(Spin(4n)),
Lemma 3.7. Let G = G n,m and θ = τ or τ ′ (in case n is even). Then, π 0 (G θ ) ∼ = 1 or µ 2 , and π 0 (G θ ) = 1 if and only if m is odd. When 2m|n,
We show it for θ = τ . The proof for θ = τ • Ad(J n/2 ) case is similar. For g = [X] ∈ G n,m (X ∈ SU(n)), τ (g) = g if and only if
′ ∈ SU(n) and X ′ = X ′ . Thus, X ′ ∈ SO(n). Hence,
and π 0 (G θ ) ∼ = 1. If m and n/m are both even, write X ′ = ω k 2m X. Then, X ′ ∈ SU(n) and X ′ = X ′ . Thus, X ′ ∈ SO(n). Hence,
If m is even and n/m is odd, write
where
By this, π 0 (G θ ) ∼ = µ 2 . These show the first statement of the lemma. From the above description of (G n,m ) θ , it is clear that
in case 2m|n. This is the second statement of the lemma.
The following proposition follows from Lemma 3.7 directly.
Proposition 3.8. Let M be an irreducible compact symmetric space which is of type AI or AII in Cartan's notation. Then M is isomorphic to one the following,
n,m , where m|n and n is even. Proposition 3.9. Let G = G n,m .
(1) If m is odd, then G τ ∼ = SO(n) and G τ ′ ∼ = Sp(n/2) (in case n is even). Proof. For θ = τ , this follows from the calculation of G τ given in the proof for Lemma 3.7. For θ = τ ′ , the calculation is similar.
3.3. Types CI and DIII.
Proposition 3.10. Let M be an irreducible compact symmetric space which is of type DI or DIII in Cartan's notation. Then M = G/G θ for (G, θ) in the following list,
Proof. By assumption M = G/H, where G is an isogenous form of Sp(n) (or SO(2n)), θ = Ad(iI) (or θ = Ad(J n )), and (G θ ) 0 ⊂ H ⊂ G θ . In the Sp(n) case, G = Sp(n) or PSp(n). We have Sp(n) θ = U(n) and PSp(n) θ = (U(n) · jI )/ −I . In the second case, π 0 (G θ ) ∼ = Z/2Z, and
Hence, M ∼ = G/G θ for a pair (G, θ) in item 1 or item 2. In the SO(2n) (n ≥ 3) case, G = Spin(2n), Spin(2n)/ c (n even), SO(2n), or G = PSO(2n). When G = Spin(2n) or SO(2n), G θ is connected and the corresponding symmetric spaces are isomorphic to SO(2n)/ U(n). When G = Spin(2n)/ c (n even) or PSO(2n) (n even), π 0 (G θ ) ∼ = Z/2Z. In this case,
When G = PSO(2n) (n odd), G θ is connected. In this case,
Hence, M ∼ = G/G θ for a pair (G, θ) in item 3 or item 4.
3.4. Irreducible symmetric spaces from exceptional Lie groups. We say an irreducible compact symmetric space M is of exceptional type if the neutral subgroup of its isometry group is an exceptional compact simple Lie group.
Proposition 3.11. Let M be an irreducible compact symmetric space of exceptional type. Then M = G/G θ for (G, θ) in the following list, Table 1 . Proof. By assumption M = G/H, where G is a connected exceptional compact simple Lie group, θ is an involutive automorphism of G, and ( 
Thus, M falls into item 1 or item 3.
Explicit classification of maximal antipodal sets
In this section we classify maximal antipodal sets in irreducible compact symmetric spaces M. We treat almost all irreducible compact symmetric spaces. The un-treated cases are summarized in the last subsection. Recall that in case M = Int(u 0 )/ Int(u 0 ) θ for an involution θ ∈ Aut(u 0 ), this is treated in Remark 2.7.
4.1.
Irreducible compact symmetric spaces of group form. Let M = G be an irreducible compact symmetric space, which is also a compact Lie group. Then, either G ∼ = U(1), or G is a compact simple Lie group. In this case, the geodesic symmetry s x (y) = xy −1 x (∀x, y ∈ G). Let X be a subset of M containing the origin (=identity) e. It is clear that X is an antipodal set in M if and only if it is an elementary abelian 2-subgroup of G, and X is a maximal antipodal set if and only if it is a maximal elementary abelian 2-subgroup of G.
Let X be a maximal elementary abelian 2-subgroup of G. When G = U(1), then X = {±1}. When G is of adjoint type, maximal elementary abelian 2-subgroups of G are classified in [3] and [10] . The other connected compact simple Lie groups fall into the following list,
In item 1, for G = SU(n)/ e 2πi m I , when m is odd, any maximal elementary abelian 2-subgroup is conjugate to the subgroup consisting of diagonal matrices with entries ±1; when m is even, the map X → p(X) with p the projection G → PSU(n) gives a bijection between conjugacy classes of maximal elementary abelian 2-subgroups in G and that in PSU(n) (by [10, Proposition 2.4]).
In item 2 or item 4, there is a unique conjugacy of maximal elementary abelian 2-subgroups, i.e., those conjugate to the subgroup consisting of diagonal matrices with entries ±1.
In item 6, due to Z(E sc 6 ) ∼ = Z/3Z is of odd degree, the map X → p(X) with p the projection E We do not know yet a complete classification of maximal elementary 2-subgroups for groups in item 3 and item 5, i,e., for Spin(n) (n ≥ 7) and Spin(4m)/ c (m ≥ 2).
4.2.
Grassmannians. In this subsection we classify maximal antipodal sets in an irreducible compact symmetric space which is isogenous to a Grassmannian. As stated in Proposition 3.6, there are six cases to consider. Item 1 is the adjoint type case, which is treated in Remark 2.7. In item 5 and item 6, we do not have a full classification yet.
In the below we treat items 2-4 separately using Theorem 2.6.
, and X ⊂ M be a maximal antipodal set containing the origin o. Write G = SU(2p). Define θ ∈ Aut(G) by
where θ 2 = 1 and Ad(θ)| G = θ.
As in Subsection 2.2, we have a map φ : M → G, a conjugacy class C θ ⊂ G, a subset φ(X) of G, a subgroup F 1 (X) of G, and a subgroup F 2 (X) of G. By Theorem 2.6, F 2 (X) is a maximal element in the set of elementary abelian 2-subgroups of G which are generated by elements in C θ , and
When p is odd, we may identity G with SU ± (2p) and identify θ with I p,p . Then, F 2 (X) is diagonalizable. Due to its maximality, F 2 (X) is conjugate to the subgroup of G = SU ± (2p) consisting of diagonal matrices with entries ±1. Then,
When p is even, we may identify θ with I p,p . Then,
F 2 (X) = F 1 (X) × θ , and F 1 (X) is diagonalizable. Due to the maximality of F 2 (X), F 1 (X) is conjugate to the subgroup of G = SU(2p) consisting of diagonal matrices with entries ±1. Then, ). When m = 1, M ∼ = SU(n)/ SO(n) or SU(n)/ Sp(n/2), we treat this case below.
Example 4.4. Let M = SU(n)/ SO(n), and X ⊂ M be a maximal antipodal set containing the origin o. Write G = SU(n) and θ = τ ∈ Aut(G).
As we assume o ∈ X, we have θ = τ ∈ F 2 (X). Thus, F 1 (X) ⊂ G τ = SO(n). Then, F 1 (X) is diagonalizable. Due to the maximality of F 2 (X), F 1 (X) is conjugate to the subgroup of SU(n) consisting of diagonal matrices with entries ±1. Then,
) (n ≥ 4, even), and X ⊂ M be a maximal antipodal set containing the origin o. The discussion is along the same line as in Example 4.4, just replace τ by τ ′ , and replace SO(n) = SU(n) τ by Sp(
There is a unique maximal antipodal set X in M up to translation, and |X| = 2 n 2 .
In general, when m is odd, we have G τ ∼ = SO(n) and G τ ′ ∼ = Sp(n/2) (Proposition 3.9). Then, the classification is the same as in the case of m = 1. The group F 1 (X) is conjugate the subgroup of G θ consisting of diagonal matrices, and
It is equal to 2 n−1 for θ = τ , and is equal to 2 n 2 for θ = τ ′ . When m is even and n/m is odd, we have G τ ∼ = PO(n) and G τ ′ ∼ = PSp(n/2) (Proposition 3.9). Then, the classification is the same as in the case of m = n.
When m and n/m are both even, we have
. Using the classification of elementary abelian 2-subgroups of PSO(n) and of PSp( 
Item 1 is treated in Remark 2.7. We treat item 2 and item 3 below. Example 4.6. Let M = SO(2n)/ U(n), and X ⊂ M be a maximal antipodal set containing the origin o. Write G = SO(2n) and θ = Ad(J n ) ∈ Aut(G). Then,
As we assume o ∈ X, we have θ ∈ F 2 (X). Thus, F 1 (X) ⊂ G θ = U(n). Then, F 1 (X) is diagonalizable. Due to the maximality of F 2 (X), F 1 (X) is conjugate to the subgroup of U(n) consisting of diagonal matrices with entries ±1 and with determinant 1 (this condition is forced by F 2 (X) is generated by elements in C θ ). Then,
Example 4.7. Let M = Sp(n)/ U(n), and X ⊂ M be a maximal antipodal set containing the origin o. The discussion is along the same line as in Example 4.6. There is a unique maximal antipodal set X in M up to translation, and |X| = 2 n .
4.5. Exceptional type. Let M be an irreducible compact symmetric space of exceptional type. By Proposition 3.11, M = G/G θ for (G, θ) in the following list, Table 1 . Symmetric spaces in item 1 are treated in Remark 2.7. We discuss symmetric spaces in item 2 and item 3 below.
θ for θ an outer involution, and X ⊂ M be a maximal antipodal set containing the origin o.
where θ 2 = 1 and Ad(θ)| G = θ. As in Subsection 2.2, we have subgroups F 1 (X) and F 2 (X) of G. By Theorem 2.6, F 2 (X) is a maximal element in the set of elementary abelian 2-subgroups of G which are generated by elements in C θ , and
As we assume o ∈ X, we have θ ∈ F 2 (X). Thus,
In this case, F 1 (X) is conjugate to the subgroup θ for θ ∼ σ 2 or θ ∼ σ 3 , and X ⊂ M be a maximal antipodal set containing the origin o.
where θ 2 = 1 and Ad(θ)| G = θ. As in Subsection 2.2, we have subgroups F 1 (X) and
By Theorem 2.6, F 2 (X) is a maximal element in the set of elementary abelian 2-subgroups of G which are generated by elements in C θ , and
3 ) . In this case, F 1 (X) is of the form F 1 (X) = J × (1, −1) , where J is an elementary abelian 2-subgroup of E 6 which projects to the F ′ 0,1,0,2 of E ad 6 . Hence,
In this case, F 1 (X) projects to a maximal elementary abelian 2-subgroup of PSU (8) .
It is associated with two integers (r, s) with r · 2 s = 8 and r = 2. Then, (r, s) = (8, 0), (4, 1), or (1, 8) . Using [10, Lemma 7 .11], we can count the cardinality of X. Precisely to say, when (r, s) = (8, 0), |X| = 72; when (r, s) = (4, 1), |X| = 56; when (r, s) = (1, 3) ; |X| = 128.
4.6. Open cases. In summary, the only irreducible compact symmetric spaces for which we do not have a complete classification of maximal antipodal sets yet are in the following list.
(1) (Group case) M = Spin(n) (n ≥ 7), and M = Spin(4n)/ c (n ≥ 3). 
Antipodal set with another meaning
For a compact symmetric space M, the fixed point set of geodesic symmetry at a point p is also called an "antipodal set" by some authors ( [9] , [5] ). Antipodal sets with this meaning are determined in many cases, but not all. In this subsection we briefly describe a method of determining antipodal sets in irreducible compact symmetric spaces with this meaning .
We may assume that p is the origin p = o = H ∈ G/H. As in Subsection 2.2, we set G = G ⋊ θ , where θ 2 = 1 and Ad(θ)| G = θ. Write C θ = {gθg −1 : g ∈ G}.
6 Another form of M is M ∼ = G/G θ for G = Spin(4n)/ c and θ = Ad(e 1 e 2 . . . e 2n ). Here c = e 1 e 2 · · · e 2n . We also note that Spin(8)/ c ∼ = SO (8) , so the case of n = 2 is treated.
Proposition 5.1. Assume H = G θ . Then, x = gH is in the fixed point set of s o if and only if φ(x) ∈ H and φ(x) 2 = 1. The H orbits in the fixed point set of s o are in one-to-one correspondence with G orbits of ordered pairs (θ 1 , θ 2 ) ∈ G × G such that θ 1 , θ 2 ∈ C θ and θ 1 θ 2 = θ 2 θ 1 .
Proof. The first statement is shown in the proof of Proposition 2.2.
Let x = gH be in the fixed point set of s o . Write θ 1 = gθg −1 and θ 2 = θ. Then, φ(x) = gθ(g) −1 = θ 1 θ −1
2 . Due to θ(φ(x)) = φ(x) −1 , the following two conditions are equivalent to each other: (1), φ(x) ∈ H (this is equivalent to θ(φ(x)) = φ(x)); (2), φ(x) 2 = 1. Moreover, they are both equivalent to: θ 1 commutes with θ 2 . Apparently, θ 1 , θ 2 ∈ C θ . Moreover, replacing x = gH by x ′ = h · x = hgH for h ∈ H amounts to replacing (θ 1 , θ 2 ) by (hθ 1 h −1 , hθ 2 h −1 ) = (hθ 1 h −1 , θ 2 ). This shows one direction for the correspondence in the second statement. Another direction could be proved similarly.
By Proposition 5.1, to determining G θ orbits in G/G θ it suffices to classify ordered pairs of commuting involutions in (θ 1 , θ 2 ) in G with θ 1 , θ 2 ∈ C θ . If M is an irreducible compact symmetric spaces not of group form, we have shown that it is of the form M = G/G θ for G a compact simple Lie group and θ an involutive automorphism of G. When G is of adjoint type, ordered pairs of commuting involutions are classified in [4] . When G is not of adjoint type, the classification can be made through considering the projection p : G → Int(Lie G) and referring to the classification in [4] , plus a little more addition work. If M is of group form, i.e., it is itself a compact simple Lie group, then the fixed point of s e except e itself is the set of involutions in G, and the G orbits (with respect to conjugation action) of it is the set of conjugacy classes of involutions in G. When G is of adjoint type, conjugacy classes of involutions in G were classified by Elie Cartan. When G is not of adjoint type, the classification can be made through considering the projection p : G → Int(Lie G) and referring to Cartan's classification, plus a little more addition work.
